The analysis of reactions πN → two mesons + N within reggeon exchanges. 2. Basic formulas for fit.
Introduction
The novel point of the analysis given in the paper [1] is a direct use of reggeon exchange technique for the description of the reactions πN → two mesons + N at large energies of the initial pion. This approach allows us to describe simultaneously distributions over M (invariant mass of two mesons) and t (momentum transfer squared to nucleons). Making use of this technique, the following resonances (as well as corresponding bare states), produced in the πN → π 0 π 0 N reaction were studied: f 0 (980), f 0 (1300), f 0 (1200 − 1600), f 0 (1500), f 0 (1750), f 2 (1270), f 2 (1525), f 2 (1565), f 2 (2020), f 4 (2025). Adding the data on the processes pp(at rest, from liquid H 2 ) → π 0 π 0 π 0 , π 0 π 0 η, π 0 ηη and pp(at rest, from gaseous H 2 ) → π 0 π 0 π 0 , π 0 π 0 η, π 0 ηη, we performed simultaneous K-matrix fit of two-meson spectra in all these reactions. In [1] , the results of the combined fit to the above-listed isoscalar f J -states and isovector ones, a 0 (980), a 0 (1475), a 2 (1320), were presented.
Here we discuss technical aspects of the fitting procedure used in [1] . To give the guide to a reader through the states, which are discussed in [1] , the assignment of mesons to Regge trajectories as well as tononets is presented following Ref. [2] .
The paper is organized as follows.
In Section 2, we present the necessary elements of the reggeon exchange technique in the two-meson production reactions. In Section 3, we discuss the status of the Regge trajectories on (J, M 2 )-plane. In Section 4, we give the connection between the dispersion integral equation for a three-body system and the K-matrix approach. We demonstrate what type of assumptions is needed to transform the three-body dispersion relation amplitudes into those of the K-matrix approach. The assignment of mesons tononets is given in Section 5.
Elements of the reggeon exchange technique in the two-meson production reactions
Here we present the details for the partial wave analysis of two-meson system produced in the high energy πN interaction when the two-meson production occurs due to reggeon exchanges. The reggeon exchange approach is a good tool for studying hadron binary reactions and processes with diffractive production of hadrons at high energies (see [3] , Chapters 2 and 6). Interference effects in the amplitudes of the type πN → two mesons + N provide valuable information on the contributions of resonances with different quantum numbers.
Kinematics for reggeon exchange amplitudes
For illustration, we consider the reaction π − p → ππ + n in the c.m. system of the reaction and present the momenta of the incoming and outgoing particles (below we use the notation for four-vectors: x = (x 0 , x ⊤ , x z ).
For the incoming particles we have: pion momentum :
proton momentum :
total energy squared :
Here we have performed an expansion over the large momentum p z . Analogously, we write for the outgoing particles:
meson momenta (i = 1, 2) :
total momentum of mesons :
energy squared of mesons :
The relative momenta of mesons in the initial and final states read:
The momentum squared transferred to the nucleon is comparatively small: t ≡ q 2 ∼ m 2 N << s πN where
Neglecting 0(1/p 2 z )-terms, one has q ≃ (0, − q ⊤ , 0) and q 2 ≃ −q 2 ⊤ .
Angular momentum operators for two-meson systems
As in Ref. [1] , we use angular momentum operators X
The operators are constructed from the relative momenta k ⊥ µ and tensor g ⊥ µν . Both of them are orthogonal to the total momentum of the system:
The operator for L = 0 is a scalar (we write X (0) (k ⊥ ) = 1), and the operator for L = 1 is a vector, X
(1)
for L ≥ 1 can be written in the form of a recurrency relation:
We have a convolution equality X
, and the tracelessness property of X (L) µµµ 1 ...µ L = 0. On this basis, one can write down the orthogonalitynormalization condition for orbital angular operators:
where integration is performed over spherical variables: dΩ/(4π) = 1.
Iterating equation (7), one obtains the following expression for the operator X
For the projection operators, one has:
For higher states, the operator can be calculated using the recurrent expression:
The projection operators obey the relations:
Hence, the product of the two X J (k ⊥ ) operators results in the Legendre polynomials as follows:
where
Reggeized pion exchanges
To be definite, we present here formulas which lead to differential cross-section moment expansion in processes initiated by reggeized pions situated on the trajectories R(π j ). Recall that index j labels different trajectories, which are leading and daughter ones, as well as trajectories generated by a reggeization of the t-channel states with J > 0 (in multiparticle processes, like πN → two mesons + N, the vertices πR(π j ) are diffrent for states with J = 0 and J > 0, so it is convenient to separate their contributions).
2.1.1
Below we consider the resonance decay in the set of channels with two pseudoscalar mesons in the final states, that means ππ → c = ππ, KK, ηη, . . . Generalizing consideration, we give the same freedom for initial state. Therefore, we denote the initial and final (I = 0)-channel states as a, c with a, c = ππ, KK, ηη, and so on. Then the transition amplitudes are denoted as
The unitarity condition for the transition amplitudes reads:
Index n refers to a set of resonances, the resonance couplings g n c are constants, and f ac is a non-resonance term. The form factors B J (−k 2 ⊥ , r) are introduced to compensate the divergence of the relative momentum factor at large energies. Such form factors are known as the BlattWeisskopf factors depending on the radius of the state r n . For non-resonance transition, the radius r 0 is taken to be much larger than that for resonance contributions.
The P -vector is parametrized in the form similar to eq. (18):
The product of the two amplitudes is equal to:
where the coefficients d iji+j nmk are given below. Averaging over the polarizations of the initial nucleons and summing over polariation of the final ones, we get Sp[( σ q ⊥ )( σ q ⊥ )] ≃ −q 2 = −t . So, we obtain for the total amplitude squared:
The final expression reads:
(i) Spherical functions.
Let us present here some relations for the spherical functions used in the calculations:
where z = cos Θ. We have the following convolution rule for two spherical functions:
n,m,k is defined also in [1] , eq. (8).
2.1.3 Calculations related to the expansion of the differential cross section πp → ππ + N over spherical functions for the reggeised π 2 -exchange
Here we present formulas which refer to the calculation routine related to the reggeised π 2 -exchange.
The convolution of angular momentum operators can be expressed through Legendre polynomials and their derivatives:
Let us remind that p
Therefore the amplitude A αβ (πR(π 2 ) → ππ) can be rewritten as:
In the amplitude with the X (2) αβ (p ⊥ ) structure there is no m = 1 component. This amplitude should be taken effectively into account by the π trajectory. The second amplitude has the same angular dependence P ′′ J (z) and works for resonances with J ≥ 2. In the first approximation it is reasonable to use the third term only, which has the smallest power of p 2 ⊥ . The third amplitude has angular dependencies:
The first and second angular dependencies are the same for J = 1, 2 and differ only at n ≥ 3, when the third term appears. Therefore, in the first approximation one can use only the second term which has a lower order of p 2 ⊥ to fit the data. Thus, the R(π 2 ) exchange amplitude can be approximated as:
The convolution of operators in (30) with k ⊥q 3α k ⊥q 3β in the GJ system gives:
and the total amplitude is equal to:
For J = 1 the first vertex is equal to 0; for the next ones we have:
In a general form, the expression can be written as:
The P -vector amplitudes for the reggeized π 2 -exchanges read:
The P -vector components are parametrized in the form:
The total amplitude of the π 2 exchange can be rewritten as an expansion over spherical functions:
Then the final expression is:
3 Status of trajectories on (J, M
) plane
The π, η, a 1 , a 2 , a 3 , ρ and P ′ (or f 2 ) trajectories on (J, M 2 ) planes are shown in Fig. 1 .
Leading π and η trajectories are unambiguously determined together with their daughter trajectories, while for a 2 , a 1 , ρ and P ′ only the leading trajectories can be given in a definite way.
In the construction of (J, M 2 )-trajectories it is essential that the leading meson trajectories (π, ρ, a 1 , a 2 and P ′ ) are well known from the analysis of the diffraction scattering of hadrons at p lab ∼ 5 − 50 GeV/c (for example, see [3] and references therein).
The pion and η trajectories are linear with a good accuracy (see Fig. 1 ). Other leading trajectories (ρ, a 1 , a 2 , P ′ ) can also be considered as linear:
The parameters of the linear trajectories, determined by the masses of thestates, are
The slopes α 
In the subsequent chapters, considering the scattering processes, we use for the Regge trajectories the momentum transfer squared M 2 → t.
Kaon trajectories on
As was said above, experimental data in the kaon sector are scarce, so in Fig. 2 we show only the leading K-meson trajectory (the states with
− ) and the leading and daughter trajectories for J P = 0 + , 2 + , 4 + . The parameters of the leading kaon trajectories are as follows: The trajectories with J P = 1 + , 3 + , 5 + cannot be defined unambiguously.
4 Dispersion integral equation for a three-body system and the K-matrix approach
The LEAR (CERN) experiment accumulated high statistics data on three-meson production from thepp annihilation at rest, mainly from (J P C = 0 −+ )-level. The data of the Crystal Barrel Collaboration (LEAR) were successfully analysed in the terms of the K-matrix approach (see, for example, [4, 11, 12, 15] ) with the aim to search for new meson resonances in the region 1000-1600 MeV. But the K-matrix approach takes into account three-body unitarity condition on the phenomenological level only. The three-body unitarity can be taken into account considering all three-particle rescatterings, using, for example, the dispersion relation N/D-method.
In this Appendix we demonstrate what type of assumptions is needed for transformation of the three-body dispersion relation amplitudes into that of the K-matrix approach.
Here the dispersion relation N/D-method is presented for a three-body system: the method allows one to take into account final-state two-meson interactions. We consider in detail an illustrative example: the decay of the 0 −+ -state into three different pseudoscalar mesons. The first steps in accounting for all two-body final state interactions were made in [16] in a non-relativistic approach for three-nucleon systems. In [17] the two-body interactions were considered in the potential approach (the Faddeev equation).
The relativistic dispersion relation technique was used for the investigation of the final state interaction effects in [18] .
A relativistic dispersion relation equation for the amplitude η → πππ was written in [19] . Later on the method was generalised [20] for the coupled processes pp(at rest) → πππ, ηηπ, KKπ: this way a system of coupled equations for decay amplitudes was written. Following [19, 20] , we explain here the main points in considering the dispersion relations for a three-particle system. The account of the three-particle final state interactions imposes correct unitarity and analyticity constraints on the amplitude.
Two-particle interactions in the 0
− -state −→ P 1 P 2 P 3 decay
As previously, we consider the decay of a pseudoscalar particle (J P in = 0 − ) with the mass M and momentum P into three pseudoscalar particles with masses m 1 , m 2 , m 3 and momenta k 1 , k 2 , k 3 . There are different contributions to this decay process: those without final state particle interactions (prompt decay, Fig. 3a ) and decays with subsequent final state interactions (an example is shown in Fig. 3b ).
For the decay amplitude we consider here an equation which takes into account two-particle final state interactions, such as that shown in Fig. 3b . First, we consider in detail the S-wave interactions. This case clarifies the main points of the dispersion relation approach for the three-particle interaction amplitude. Then we discuss a scheme for generalising the equations for the case of higher waves.
(i) S-wave interaction.
Let us begin with the S-wave two-particle interactions. The decay amplitude is given by A (J in =0) 
ij (s ij ) with particles P 1 P 2 (Fig. 4c ), P 1 P 3 ( Fig. 4d ) and P 2 P 3 ( Fig. 4e ) participating in final state interactions. To take into account rescattering of the type shown in Fig. 3b , we can write equations for different terms A (0) ij (s ij ). The two-particle unitarity condition is explored to derive the integral equation for the amplitude A (0) ij (s ij ). The idea of the approach suggested in [21] is that one should consider the case of a small external mass M < m 1 + m 2 + m 3 . A standard spectral integral equation (or a dispersion relation equation) is written in this case for the transitions h in P ℓ → P i P j . Then the analytical continuation is performed over the mass M back to the decay region: this gives a system of equations for decay amplitudes A (0) ij (s ij ). So, let us consider the channel of particles 1 and 2, the transition h in P 3 → P 1 P 2 . We write the two-particle unitarity condition for the scattering in this channel with the assumption (M + m 3 ) ∼ (m 1 + m 2 ).
The discontinuity of the amplitude in the s 12 -channel equals 
2 ) is the standard phase volume of particles 1 and 2. In (47), we should take into account that only A (0) 12 (s 12 ) has a non-zero discontinuity in the channel 12.
S-wave two-particle scattering amplitude But first, let us consider the S-wave two-particle scattering amplitude A (0) P 1 P 2 →P 1 P 2 . It can be written in the dispersion N/D approach with separable interaction (see Chapter 3) as a series 
where ρ Considering the three-body decay, it is convenient to make use of this freedom. On the first sheet of the decay amplitude, we take into account the threshold singularities at s ij = (m i +m j ) 2 , which are associated with the elastic scattering in the subchannel of particles i and j but not those on the left-hand side. This means that the vertex G R 0 (s 12 ) should be chosen here as an analytical function. For the sake of simplicity let us put G R 0 (s 12 ) = 1 and present the amplitude
Equation for the decay amplitude h in → P 1 P 2 P 3
Exploring (47), let us now return to the equation for the decay amplitude h in → P 1 P 2 P 3 .
As was noted (see also [21] ), the full set of rescattering of particles 1 and 2 gives us the factor (1 − B 0 (s 12 )) −1 , so we have from (47):
The first loop diagram B
in (s 12 ) is determined as 
Here we present disc 12 B
in (s 12 ) as a sum of three terms because each of them needs a special treatment when M 2 + iε is increasing.
It is convenient to perform the phase-space integration in equation (53) in the centre-of-mass system of particles 1 and 2 where k 1 + k 2 = 0. In this frame
where z = cos θ 13 and k 10 = . The minus sign in front of k 30 reflects the fact that P 3 is an outgoing, not an incoming particle. As usually, | k j |= k 
The relative location of the integration contours (55) and amplitude singularities is the determining point for writing the equation.
Below we use the notation
One can see from (56) that the integration contours C 13 (s 12 ) and C 23 (s 12 ) depend on M 2 and s 12 , so we should monitor them when M 2 + iε increases.
Let us underline again that the idea to consider the decay processes in the dispersion relation approach is the following : we write the equation in the region of the standard scattering two particles → two particles (when m 1 ∼ m 2 ∼ m 3 ∼ M) with the subsequent analytical continuation (with M 2 + iε at ε > 0) into the decay region, M > m 1 + m 2 + m 3 , and then ε → +0. In this continuation we need to specify what type of singularities (and corresponding type of processes) we take into account and what type of singularities we neglect. Definitely, we take into account right-hand side and left-hand side singularities of the scattering processes P i P j → P i P j (our main aim is to restore the rescattering processes correctly). But singularities of the prompt production amplitude are beyond the field of our interest. In other words, we suppose λ(s 12 , s 13 , s 23 ) to be an analytical function in the region under consideration. Let us now write the equation for the three-particle production amplitude in more detail. We denote the S-wave projection of λ(s 12
and the contour integrals over the amplitudes A
13 (s 13 ) and A
23 (s 23 ) as
Remind once more that the definition of the contours C i (s 12 ) is given in (57) while the relative position of the contour C 2 (s 12 ) and the threshold singularity in the s 23 -channel is shown in Fig.  4 .26. So, we rewrite (53) in the form
Equation ( (61) where
Let us emphasise that in the integrand (62) the energy squared is s In the same way we can write equations for A Note that the integration contour C i (s 12 ) in (59), see also [21] , does not coincide with that of [22] where the corresponding problem was treated starting from the consideration of the three-body channel.
(ii) Final state rescattering P i P j → P i P j in the L > 0 state.
Equations for amplitudes which describe the final state interactions in the transition (J P in = 0 − )-state−→ P 1 P 2 P 3 when rescattering P i P j → P i P j occur in a state with L > 0 can be written in a way analogous to that presented above for L = 0. So, we suppose that P i P j → P i P j rescattering take place in a state with definite orbital momentum L and L = 0.
The amplitude for the decay (J
Convolutions of the momentum operators, such as X
12 ), being functions of s ij do not contain threshold singularities. So we can rewrite (63) in a more compact form First, we should introduce a two-particle (L = J)-wave scattering amplitude. To be definite, we consider P 1 P 2 → P 1 P 2 . We write the block of a one-fold scattering as
The two-fold scattering amplitude reads:
)O
is the loop diagram.
The full set of rescattering gives:
As previously for J = 0, we put
Finally we write:
Equation for the decay amplitude h J in =0 → P 1 P 2 P 3
Let us return now to the equation for the three-particle production amplitude A (J in =0)
(s 12 , s 13 , s 23 ) given by (64). We write equations for separated terms A The term initiated by the prompt production block λ(s 12 , s 13 , s 23 ) is a set of loop diagrams of the type of that in Fig. 5b . Therefore this term reads:
with
Let us explain Eqs. (74), (75) in more detail. Similarly to (65), we write for the first loop diagram in (74) the following representation:
Recall that λ(s 
12 is determined by the following expansion of the non-singular term: 
In the integrand (76) the energy squared is s 
12 in the calculation.
Likewise, we calculate the amplitudes of processes of Fig. 5c,d . As a result, we have the equation:
Here 
12
). (81) The integration over the phase space in the calculations of A
) is performed in a way analogous to that for J = 0. The contour integrals read (see Fig. 6 ) :
The definition of the contours C i (s 12 ) is given in (57). Mass regions studied by the groups L3 [29] , PNPI-RAL [7, 30, 31, 32] and BNL [8, 33] are shown.
The presented technique may be especially convenient for the study of low-mass singularities in multiparticle production amplitudes. The long-lasting discussions on the sigma-meson observation, (see [25, 26, 27] and references therein) indicate that this is a problem of current interest.
Assignment of Mesons to Nonets
We present here the assignment of the mesons tononets following [2] .
In Figs. 7 and 8 we show the positions of the (IJ P C = 00 ++ ) and (IJ P C = 02 ++ ) resonances in the complex-M planes found in the previous analyses, see [2] for details.
In Eq. (91) we collected all considered mesonstates in nonets according to their SU(3) f lavour attribution (the 2S+1 L J states ofmesons with n = 1, 2, 3 and 4). The sin-glet and octet states, with the same values of the total angular momentum, are mixed. 
In the lightest nonets we can determine mixing angles more or less reliably, but for the higher excitations the estimates of the mixing angles are very ambiguous. In addition, isoscalar states can contain significant glueball components. For these reasons, we give only the nonet (9 = 1 ⊕ 8) classification of mesons. States that are predicted but not yet reliably established are shown in boldface.
